We model the the competition between a proprietary firm and an open source rival, by incorporating the nature of the GPL, investment opportunities by the proprietary firm, user-developers who can invest in the open source development, and a ladder type technology. We use a two period dynamic mixed duopoly model, in which a profit-maximizing proprietary firm competes with a rival, the open source firm, which prices the product at zero, with the quality levels determining their relative positions over time. We analyze how the existence of open source firm affects the investment and the pricing behavior of the proprietary firm. We also study the welfare implications of the existence of the open source rival. We find that, under some conditions, the existence of an open source rival may decrease the total welfare.
Introduction
A software is called open source, if its source code is open in the sense that anyone has free access to it. Open Source movement aims to bring programmers not concerned with proprietary ownership or any financial gain together to produce a more useful and bug-free product for everyone to use. By revealing its source code, an open source can be refined by many independent developers all around the world. The source code of an open source product is made available free of charge to the public. So, the user-developers read, redistribute and modify the source code, generating an advantageous evolution of it.
Among many licenses that are used to distribute open source projects, GNU General Public License (GPL) is the most commonly used one as of late 2014, by a share above 51% 1 . Under GPL, every user has the right to use and modify the the code freely, but the modifications must be distributed under the terms of the same license, if they are to be distributed at all. Also, GPL allows for the commercial exploitation of the program. Hence, the users have to sustain the free access to the source code, yet, as long as they maintain the free access, they are allowed to make profits. 2 The success of open source software has generated a literature on it, which has been flourishing since early 2000s. Tirole (2002, 2005 ) introduce a broad discussion on economics of open source development. They indicate two reasons that might lead the developers to contribute to open source evolution. First reason that might make developers involve in this costly activity is that they receive a direct benefit in the form of improved software. Secondly, they get an indirect benefit by signaling their abilities in the job market. They also point out that the literature mostly considers individual incentives to adopt open source software. Johnson (2002) 3 We examine the effects of the existence of an open source firm that is competing with the proprietary firm on the proprietary firm's investment in innovation and production behavior, and how it affects the total welfare in the market. We set up a dynamic model with two periods, the first of which has two stages: competition and investment. In the second period, there is only price competition. In the two competition stages, proprietary firm and open source firm compete in a mixed duopolistic industry, where the former charges a price to maximize its overall expected profit, whereas, the latter is freely available. At the beginning of each period, a new cohort of potential users enter into the model. At the beginning of the competition stage, they observe the quality levels and the price of proprietary firm's product, and they decide which operating system to use during their life time of one period. In the next stage of the first period, the investment stage, while proprietary firm invests in probability to increase its products quality level, user-developers' incentives for involving this costly development activity is to signal their abilities.
We find that under some circumstances, the proprietary firm supplies less and invests more in the presence of the open source rival, which leads the proprietary firm to make less profit in the duopolistic industry compared to its monopoly, suggesting that a duopoly is likely to dominate the proprietary firm's monopoly in terms of total welfare generation. However, this is not always true, that is, it might be better for the total welfare when there is only proprietary firm in the market, and no open source rival.
The Model
We consider a mixed duopoly model, where there are two firms, each providing an operating system, one of which is proprietary and the other is open source. 4 There are two periods. The first period has two stages, competition and investment. In the second period there is only competition. The quality level of an operating system s ∈ {w, }, at the beginning of period t, is denoted as k s t ∈ Z + , where w stands for Windows and stands for Linux. Here, k w 1 and k 1 are given, but k w 2 and k 2 will be determined endogenously by the investment decisions of Windows and Linux user-developers, respectively.
The evolution of quality levels follow a ladder type technology and investments are in the form of success probability. If Windows invests i w ∈ [0, 1] at t = 1, its quality level at the beginning of t = 2 will be: k Linux user-developers also invest in probability of success and those who are successful get an exogenous bonus b ∈ (0, 1). If at least one user developer succeeds in development stage, because of the terms of GPL, Linux will move up one step in the technology ladder, and will stay at current step otherwise. Let i j denote the user-developer j's investment level. Then, Linux' quality level at the beginning of the second period will be:
Cost of investment i is c(i) = 1 2 i 2 , for both Linux user-developers and Windows. At the beginning of each period t = {1, 2}, Windows announces a price of P t . In each period, a new cohort of N potential users enter into the market. They observe the quality levels of both Windows and Linux. Let k t denote the quality differences between Windows and Linux, k t = k w t − k t . Let α s (k t ) > 0 denote the value attached to the operating system s by the cohort entering at time t. Let q t be the number of users in period t, who buy Windows, then N − q t is the number of Linux user-developers in the same period since Linux is freely available.
Assumption 1 (Linear Demand) In period t, for t = 1, 2, the value of Windows to a user
and the value of Linux to q t is α (k t )
Timing of Events: At t = 1, Windows has a quality level k w 1 and Linux has k l 1 . There are N buyers who live for one period only. Windows announces its price P 1 . Buyers choose either Windows at P 1 or Linux at zero price. Windows invests, i w and each Linux user-developer j invests i j . The success/failure outcomes, thus new quality levels, are realized. At t = 2, a new cohort of N buyers enter. Windows announces its price P 2 and buyers choose either Windows at P 1 or Linux at zero price. Profits are realized.
Benchmark: No open source, Windows is monopoly
In a market, where there is no substitute for Windows, and every user of any cohort has positive willingness to pay, inverse demand function is directly obtained by α w (k t ) N −qt N . We use backward induction. Second Period. Since Windows is the only operating system producer and this is last period of the game, having monopoly power, it produces the profit maximizing amount of N/2, and sets its price to α w (k w 2 )/2 in accordance with the demand structure. As a result, it generates a profit of: π mon
Investment. An investment level i w will increase its quality level by 1 with the probability i w . Given the second period profit level π mon
Since the above term is linear in i w , the monopoly investment level will be: , that maximizes its following overall expected profit:
which has the unique solution q mon
Equilibrium in the Duopoly
Since Linux can be acquired freely and α (·) ≥ 0, it is guaranteed that every user will get one operating system, at least Linux. Hence, at period t, if q t is the number of users who buy Windows, then the remaining users of cohort t, N − q t , obtain the Linux at no price, and they become Linux user-developers. Second Period. When Windows' price is P 2 at period 2, the indifferent user between Windows and Linux, q 2 , is found by the following equation:
, the inverse demand function for Windows in period 2 is
Windows, a profit maximizer, produces q 2 such that
Taking the first order derivative with respect to q 2 , we get quantity and price levels for the second period as follows:
2 . 7 Thus, the profit level in the second period is π 2 = N 4 β(k 2 ). First Period: Linux user-developers' investment decisions. In the investment stage, the actions of the user-developers have impact on Windows' objectives. However, Windows' investment decision does not affect the user-developers' investment strategies since they invest only for the purpose of signaling their job skills. This is captured through, b, a bonus, which a successful user-developer receives. Thus, a userdeveloper j ∈ {q 1 , q 1 + 1, . . . , N }, chooses and investment level i j , which solves the following maximization problem
where the solution is i * j = b. Hence, her expected net benefit,
2 , is positive, in the equilibrium. Due to the symmetry, i * j = b for all j ∈ {q 1 , q 1 + 1, . . . , N }. Thus, Linux will be developed with probability 1 − (1 − b) N −q 1 , which is the probability that at least one user-developer succeeds.
First Period: Windows' investment decisions. Windows chooses the investment level i w , which 7 The second order condition ensures that this is the optimal solution.
First order condition implies,
which is equivalent to i w = min
First Period: Price competition. In the equilibrium, choosing to get Linux for free ensures a user to get an expected benefit of b 2 2 in the investment stage. Then, when Windows is sold at price P duo 1 at t = 1, the indifferent user between Windows and Linux, q 1 , is found by the following equation:
Thus, the inverse demand for Windows in at t = 1 is
Windows maximizes its expected profit choosing q 1 :
The first order condition is
Now, we compare the first period quantities of Windows for the cases where it's a monopoly and where it competes with Linux.
Proposition 1 For large enough bonus b, proprietary firm produces less in the first period of the duopolistic competition relative to the case in which it is a monopoly. Proposition 2 Proprietary firm makes more investment in the duopoly industry competition as opposed to the case where it is a monopoly.
which implies i duo w > i mon w . Proposition ?? shows that competition results in Windows to increase its investment level.
Welfare Comparison
Proposition ?? & ?? concludes that the proprietary firm makes less profit in the duopoly industry, which suggests that a duopoly is likely to dominate proprietary firm's monopoly in terms of total welfare generation.
In this section, we analyze the welfare implications of the two industry structure that we studied above. Instead of finding the absolute level of total welfare in the duopoly industry, we will compare the total welfare levels under the assumptions that α w (·) and α (·) are linear with slope γ w and γ , respectively. 8 Proof. We divide the total welfare into pieces and compare them piece-wise. When comparing the two welfare levels, we interpret the absence of Linux in the monopoly as k t and α (k t ) being zero, that is, β(k t ) = α w (k t ). Expected total welfare in the Windows' monopoly, W m is
Proposition 3 If
second period welfare
Expected welfare in the first period of the duopoly industry, W d :
And the expected total welfare generated in the second period of the duopoly will be:
Equivalently,
f Now, we compare the pieces marked by lower case letters. For q 1 < N ,
which implies a duo < a mon . As a consequence of Proposition ??, we have i duo 
Thus, we get d duo < d mon . Now, combining e and f we get
is positive due to the assumptions 
Thus, e + f < 0. Combining a duo < a mon , b duo < b mon , c duo < c mon and e < f , we conclude that the total welfare that the monopoly generates is higher than the total welfare in the duopoly industry with open source rival in the market.
Proposition ?? shows that the competition does not necessarily increase the welfare in an oligopoly industry when compared to the monopoly market. This is because the presence of a rival induces the proprietary firm to set lower prices and those users who do not buy the proprietary firm's product are not left empty handed; they can get the open source freely, which increases the total surplus. However, the decrease in proprietary firm's and its users' surpluses do not, always, need to be compensated by the increase in user-developers' surpluses.
Conclusion and Discussion
In this study, a simple two-period model of open source innovation has been presented to understand the difference of the behavior of the proprietary firm's production, pricing and investment strategies and to facilitate welfare comparisons between the presence of it and the traditional, profit driven method of development, where the quality levels of the two follow a ladder type technology framework. It has been shown that the proprietary firm decreases its production level when there is an open source rival, and in order to better compete with the open source firm, it invests more. However, the total welfare, under certain conditions, is higher in monopoly benchmark than in the duopolistic competition, where there is an open source rival. Now, we discuss a number of directions this work could be pushed or alternative models one can consider.
T ≥ 3 Periods: When we tried to set up a model, where the number of periods is three or more, or infinitely many, we end up with technical problems of solving the first order condition of proprietary firm's maximization problem. This problem occurs because there is no analytical solution for the number of proprietary users at period t, q t , when the number of potential users, N , exceeds three. Employing the known methods to solve the Bellman Equation, which captures the recursive nature of the dynamic game problem is not helpful since transition matrix that should govern the evolution of the state variables are determined by the choice variables in each period, that is, the transition matrix is not stationary.
Endogenous Bonus with OLG: We also considered an alternative model where users live for two periods. They could buy an operating system only when they are young. User-developers could develop the open source when they are young, and enjoy the appreciation of its quality when they are old, if at least one of them succeeds due to General Public License. When we model the user-developers investment incentives in this framework, with allowing the investment levels to be in [0, 1] interval, we faced difficulties while solving the optimal investment levels of user-developers since the optimal decisions include N th order equations. To overcome such difficulties, one could think of forcing the possible investment level choices of the user developers to be binary, i.e they would be either 0 or 1. However, there occurs a free rider problem that Johnson (2002) finds, too. Since it is guaranteed for the open source to be improved when one user-developer chooses to invest in 1, it is optimal for every user-developer to let someone else do it.
Contribution Game with Infinitely Many Users: When Lerner and Tirole (2002) explain the favorable characteristics for an open source production, they mention about its modularity, whether the overall project is divided into smaller and well-defined tasks (modules) that individuals can handle independently from other modules. Sufficiently modular nature of an open source software, whose different portions can be improved by independent user-developers, might turn the investment stage to a contribution game for open source user-developers. To do so, one other helpful way could be having infinitely many users distributed on [0, 1]. Although in our original model, that would create some compatibility problems while finding the open source firm's development probability, since it has a multiplication part. This is not a good way to use when there are infinitely many users, that would provide a well defined demand, and is a better way to model the investment stage as a contribution game, where the probability of open source firms' development is affected by a fraction of the measure of user-developers that contribute or all users. Such a model might also capture the direct benefit incentives of the user-developers, which would result in having different optimal investment strategies for different user-developers. To incorporate the direct benefit, a successful development of a user-developer could be rewarded by enjoying the appreciation of her own operating system before the quality increase become public.
